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ABSTRACT 



We consider the Hamiltonian reduction of the two-loop Wess-Zumino-Novikov-Witten model 
(WZNW) based on an untwisted affine Kac-Moody algebra Q. The resulting reduced models, 
called Generalized Non-Abelian Conformal Affine Toda (G-CAT), are conformally invariant 
and a wide class of them possesses soliton solutions; these models constitute non-abelian 
generalizations of the Conformal Affine Toda models. Their general solution is constructed by 
the Leznov-Saveliev method. Moreover, the dressing transformations leading to the solutions 
in the orbit of the vacuum are considered in detail, as well as the r-functions, which are 
defined for any integrable highest weight representation of Q, irrespectively of its particular 
realization. When the conformal symmetry is spontaneously broken, the G-CAT model 
becomes a generalized Affine Toda model, whose soliton solutions are constructed. Their 
masses are obtained exploring the spontaneous breakdown of the conformal symmetry, and 
their relation to the fundamental particle masses is discussed. 
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1 Introduction 



The study of classical and quantum non-linear integrable models in 1+1 dimensions is 
of great interest in High Energy Physics, where such models have been used as laboratories 
to develop methods to explore the non-linear perturbative aspects of gauge theories, gravity 
and string theory. In particular, they could help in understanding some stable classical 
solutions, like monopoles, which must have an important role in the quantum theory, and 
which cannot be understood by the existing methods. 

In this paper, we construct the Generalized Non-Abelian Conformal Affine Toda mod- 
els, the G-CAT models, which are a class of generalizations of the well known non-abelian 
Affine Toda Field theories that, being integrable and conformally invariant, provide one of 
the simplest example of mass generation through spontaneous symmetry breaking. To be 
precise, within these models, the mass of the solitons of the Affine Toda Theories can be 
understood in terms of a Higgs-like mechanism associated to the spontaneous breakdown 
of the conformal symmetry. Even more, within this approach, it is possible to put in one- 
to-one correspondence the solitons of the non-abelian Affine Toda models with its massive 
fundamental particles; in particular, their masses are proportional. 

Within the integrable models in 1+1 dimensions, the investigation of the different Toda 
Field Theories has recently received a lot of attention. According to their underlying alge- 
braic structure, they can be divided into three categories; each one exhibiting nice character- 
istic properties. First, associated to the finite simple Lie algebras, there are the Conformal 
Toda models, which are conformally invariant 1+1 field theories. Even more, they per- 
mit the construction of extensions of the Virasoro algebra including higher spin generators, 
namely W-algebras. The second class of theories are the Affine Toda models, based on loop 
algebras, which can be regarded as a perturbed Conformal Toda model where the confor- 
mal symmetry is broken by the perturbation while the integrability is preserved [jl|. One 
of their main properties is that they possess soliton solutions. These two classes of models 
are called abelian or non-abelian referring to whether their fields live on an abelian or non- 
abelian group 1^, ^, ^, ^. Finally, the conformal symmetry can be restored in the abelian 
Affine Toda models just by adding two extra fields which do not modify the dynamics of 
the original model; one of these fields is a connection whose only role is to implement the 
conformal invariance. These are the so called Conformal Affine Toda models 0, |^, and 
they are based on a full Kac-Moody algebra; moreover, they are integrable |^, and have 
soliton solutions 0. In fact, many properties of the Affine Toda models can be more easily 
understood by considering them as the Conformal Affine Toda models with the conformal 
symmetry spontaneously broken. All these Toda models can be obtained via Hamiltonian 
reductions of WZNW models [^, 0, whilst their one dimensional versions can be obtained 
from free motion on symmetric spaces [[ill , |12|. 



The G-CAT models consist on a WZNW model where the field takes values in a finite 
— not necessarily semisimple — Lie group Gq, and where the symmetries of left and right 
translations by elements of Gq are broken by a term of the form 

J rf^xTr (A_,fiA/fi-^) , Be Go (1.1) 
where A±/ are constant elements of subspaces of grade +/ of a Kac-Moody algebra Q; the 
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grades corresponding to a gradation of Q where the subspace of zero grade is the Lie algebra 
of Go- Notice that we allow the central term of Q and the grading operator to be generators 
of Go; this leads to the conformal invariance of the G-CAT models, which generalizes the 
CAT models p, |^ for non-abelian groups. 

In section ^, we obtain the G-CAT models via Hamiltonian reduction of the two-loop 
WZNW model, where the fields are elements of a Kac-Moody group and the corresponding 
current algebra is a two- loop Kac-Moody algebra P, |13| . The Hamiltonian reduction can be 
characterized by the choice of a gradation of the Kac-Moody algebra Q and of the elements 
A±i appearing in the reduction can be performed for a general gradation, but we 

restrict ourselves to the case of integer gradations. The constraints are imposed on some 
non-chiral quantities which have a simpler algebraic structure than the currents. Actually, 
the generators A±i correspond to the constant value of those quantities in the subspaces of 
grade ±1. When I is greater than the lowest positive grade, the constraints on the currents 
are of second class. However, not all the components of the currents with grade between 
zero and / are constrained, implying that the field B is not the only degree of freedom of the 
reduced model. The extra degrees of freedom correspond to two sets of chiral fields, one set 
for each chirality, but these chiral fields are decoupled from the field B. 

In section we show that the reduced model is conformally invariant because the current 
associated to the grading operator can be used to improve the stress tensor allowing the 
constraints to weakly commute with it. We also show that the field in the direction of the 
grading operator, called rj, is free; even more, its interaction with the other fields is such that 
for every regular solution of t] one can eliminate it from the remaining equations of motion 
by a coordinate transformation. Then, the resulting model is not conformally invariant and 
we refer to it as the Generalized non-abelian Affine Toda (G-AT). All this is a generalization 
of what occurs in the abelian Conformal Affine Toda models 

The general solution of the G-CAT models is constructed in section ^ using the method 
of Leznov and Saveliev P, ^ |l5l. For / not being the lowest positive grade, the number 
of chiral parameters of the solution is not equal to twice the dimension of Go. There is a 
number of extra parameters equal to the number of chiral fields appearing in the Hamiltonian 
reduction described above. Those parameters are present even though we start from a zero 
curvature connection depending only on the field B; their origin has to do just with the 
algebraic structure of the connections. 

The symmetries of the G-CAT models are discussed in section ^; they correspond to the 
left (right) translations on the Kac-Moody group which leave A_/ (A^) invariant. One of 
our main interests is to construct the one-soliton solutions of the model, which are static 
solutions in some particular Lorentz frame. We show that the condition for the existence of 
static solutions is that A±i can be transformed by some constant element of Go into some 
elements E±i such that [Ei , E^i] is in the direction of the central term only. This condition 
is easily satisfied if E±i lie on a Heisenberg subalgebra of Q. 

The fundamental particles of the G-CAT model are obviously massless due to conformal 
invariance. In section ^ we show that the classical masses of the fundamental particles of 
the G-AT models appear as a consequence of the spontaneous breakdown of the conformal 
symmetry, resembling very much the Higgs mechanism in gauge theories. We show that the 
masses are proportional to the eigenvalues of the operator [Ei , [E_i , ■]] when acting on the 
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Lie algebra of Gq; the proportionality constant being the vacuum expectation value of the 
(Higgs-like) field e'^. 

In section |^ we use the dressing transformation method []16|, |17|, |18|, |I9| to construct the 
solutions of the G-CAT model lying in the orbit of the vacuum. The construction is quite 
simple and leads to a very useful expression for the solutions. In fact, it allows us to show 
that the solitonic specialization of the Leznov-Saveliev solution described in [2C, 21 1 leads to 
all solutions in the orbit of the vacuum. 

The results obtained with the dressing method guide us to the introduction of the r- 
function p2|, ^ in section ^. We define the r-functions for the G-CAT models as the orbit 
of the highest weight state of an integrable representation of the Kac-Moody Q obtained 
under the action of the group element used in the dressing transformation. The particular 
integrable representation is the one associated to the gradation of Q used in the Hamilto- 
nian reduction, in a manner explained in the appendix |B[ One of the nice features of our 
definition is that it is independent of the way the integrable representation is realized; in 
particular, it is independent of the level of the representation. In this sense, our results 
allow the generalization of the connection between r-functions and zero-curvature integrable 
hierarchies of partial differential equations worked out in ||24|| . 

The masses of the one-soliton solutions are calculated in section ^. Following 0, we 
explore the conformal invariance of the G-CAT model to show that the masses of the solitons 
of the G-AT models come from a total divergence which is given by the improvement term of 
the G-CAT stress tensor. We find an explicit formula for those masses by using the highest 
weight state of an integrable representation of Q that is dual to the one used in the r-function 
definition. Then, the one-soliton solutions can be put in one to one correspondence with the 
massive fundamental particles. In addition, non-vanishing soliton masses are proportional 
to the masses of their corresponding fundamental particles. This is a generalization of what 
occurs in the abelian Affine Toda models 0, and suggests some deep structure in such 
theories which is still not well understood; they could be related to a duality transformation 
similar to the one conjectured in four-dimensional non-abelian gauge theories 

In section |10| we discuss the G-CAT models associated to the principal and homogeneous 
gradations of any Kac-Moody algebra Q. In the homogeneous case, the one-soliton solutions 
are studied in great detail, also considering the particular case when Gq is compact. Finally, 
we present our conclusions in section |ll . 

In appendix ^ we show how to use the structure of the two-loop Kac-Moody current 
algebra to construct what we call the two- loop Virasoro algebra. In order to do that, we 
have to impose periodic boundary conditions on the currents, and the structure of such 
algebra is more complex when the two central terms of the two-loop current algebra are 
incommensurable; the role of this algebra in relation to the symmetries of the G-CAT model 
has not been investigated yet. Finally, appendices and include our conventions and 
some particular properties of Kac-Moody algebras used along the paper. 
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2 Generalized Reduction of Two-Loop WZNW model 

The two-loop WZNW model was introduced in as the generalization of the ordinary 
WZNW model to the affine case. Its equations of motion are given by 

a+(a_^r')=0 ; d^(g-'d+g)=Q (2.1) 

where d± are derivatives with respect to the light-cone variables x± = x ± t, and g is an 
element of the group G formed by exponentiating an untwisted affine (real) Kac-Moody 
(KM) algebra Q. Its generators T™, and C satisfy the commutation relations 

[D , Tf] = m , [C,D] = [C, Tf] = (2.3) 

where /^^ are the structure constants of a finite (real) semisimple Lie algebra n and m 
are integers, and Qah is the Killing form of i.e., gab = Tr (T^Tfe), being the generators of 
Q. The non-degenerate bilinear form of Q is defined as (see also ( [B.7D -( [B^ )) 

Tr (TfT,") = 6m+n,o Tr (T,T,), Tr {C D) = 1 

Tr (C ) = Tr {D Tf ) = 0, (2.4) 

and we will use the same notation, Tr, for both the Killing form of Q and the bilinear form 
of ^. 

The two-loop WZNW model is invariant under left and right translations 

g{x+,x-) ^ giix-) g{x+,x-) , g{x+, x^) ^ g{x+, X-) gR{x+) (2.5) 

The corresponding Noether currents are the components of d-g g~^ and g~^dj^g, and they 
generate two commuting copies of the so called two- loop Kac-Moody algebra defined by 
the relations 

[Jr(x) , J^{y)] = fl, Jr+"(x)5(x -y) + gab {kdj{x - y) + m.f{x)5{x - y)) (2.6) 

[J^(x) , Jr(2/)] = mJ-(y)5(x-y) (2.7) 
[J^(x), J^(2/)] = kdj{x-y) (2.8) 
[J^(x), Jr(l/)] = (2.9) 

The left and right currents satisfying the above relations are related to the group element g 
in eq.( p.l| ) by 

oo 

jR{x^) = kg-'d+g = E E g''' JrI{x^)T^ + Jl{x^)C + J^^{x^)D (2.10) 

a,b n=—co 
oo 

Mx.) = -kd^gg-' = E E 9^'Ji::{x-)T- + jf{x_)C + 4{x_)D (2.11) 

a,b n=—co 

where 

gab jg 

the inverse of the Killing form gab defined above. The different meaning of the 
two central extensions in eqs.(|2.6|)-(p.9|) algebra is clarified by expressing the algebra as 



Tr (UJix)) , Tr (VJiy)) = Ti([U, V] Jix)) (5(x - y) + k Ti (UV) dJix - y), (2.12) 



where U, V are two elements of the Kac-Moody algebra J is either or J7l, and Tr is 
the invariant bilinear form of Q. 

Consider now a gradation of the Kac-Moody algebra Q 

Q = ^Qs (2.13) 

s 

with 

\Qs , Qr] C g,+r (2.14) 

The reduction presented in this section does not require that this gradation is integer; it just 
needs that the grades s take zero, positive and negative values, i.e., 

G = g+®go®g- (2.15) 

with 

^+^0^,, ^- = 0^. (2.16) 

s>0 s<0 

Nevertheless, in the rest of the paper, we shall restrict ourselves to integer gradations, which 



can be described in a very systematic way using the results of ^7\, ^ (see appendix 0). 

We now consider those group elements that can be written in a "Gauss decomposition" 
form 

g = NBM e G (2.17) 

where A^, B and M are group elements formed by exponentiating elements of Q^, Qq and 
respectively. It is well known that the use of the Gauss decomposition requires that the 
group has definite properties regarding its compactness. Nevertheless, when the subspaces 
of Q with opposite grades are non-degenerately paired by the bilinear form, as it happens 
when the gradation is integer, the validity of the Gauss decomposition does not imply any 
condition regarding the compactness of the subgroup formed by exponentiating the elements 
of Qq, Gq] it only requires that the restriction of the bilinear form to Q^(BG- is maximally non- 
compact. When the gradation is integer (see (|B.14| )-( p.l5| )), this means that {-ff", . . . , H^}, 
for all n 7^ 0, and {E^}, with mNs + a- Hg 7^ 0, must be among the generators of the chosen 
real form of the algebra Q. Then, one is free to choose the subgroup Gq to be either compact 
or non-compact; each choice leading to different theories. In section ^, we shall come back to 
this point, which is very important in relation to the physical interpretation of the resulting 
models [p^ 



Using eq.( p.l7| ), we can write the equations of motion (|2.1|) as 



d.Kn = -[Kn,d.MM-'] (2.18) 
O+Kl = [KL,N~'d+N] (2.19) 



where we have introduced 



= N~^d^N + d-BB-^ + Bd.MM-^B-^ (2.20) 
Kr = Mg-'d+gM-' 

= B-^N-^d+NB + B-^d+B + d+MM-^ (2.21) 
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Although the quantities -R'l/r are not chiral, they have a simpler structure than the currents 
and will be very useful in what follows. We will reduce the two-loop WZNW model by 
imposing constraints not directly on the currents but on Kljr. We impose the constraints 



5-1 [N-^d+N) B = Ai (2.22) 
B{d-M)M-^B-^ = A_i (2.23) 

where A±i are constant elements of Q±i (/ > 0). These constraints reduce the two- loop 
WZNW model to a theory containing only the fields corresponding to the components of B 
and to the components of and M associated to the generators whose grade is < / and 
> — / respectively. 

To obtain the equations of motion for such model one notices that the constraints ( p.22|) 
and (|2.23| ) imply that 

N-^d+N e Gi (2.24) 
((9_M)M"i G G-i (2.25) 

Therefore the only terms of zero grade on the right hand side of ( p.l9|) are coming from 

[A_;, N-^d+N] = [A_i, BAiB-^]. So, we get 

d+ (d.BB-') = [A^i , BAiB-'] (2.26) 

which can also be written as 

a_ (b-^O+b) = -[A/ , B-^A^iB] (2.27) 

These are the equations of motion of what we call the generalized non-ahelian conformal 
ajfine Toda models (G-CAT). When the gradation is integral and / = 1, these equations were 
first considered in [|, H, but not including the field in the direction of the derivation Z), 
which leads to the conformal invariance of the model as we explain in the next section. In 
addition, the lagrangian interpretation of these equations was not studied in those references 
either. 

As for the equations of motion of the fields corresponding to A^ and M, we obtain from 
( Prr^ ) and (^l^ that 

(9_ ((9+MM"^)^_^ = d+(N-^d-N) ^^ = Q (2.28) 

However, one can get more information on the dynamics of such fields from the constraints 
( ^ ) and iW^ - We write 



Ar = exp(^C) , CseGs 

s>0 

M = exp(^^,) , e-, G^_, (2.29) 



s>0 



and we label the negative grades in a ordered way as — si > —S2 > —S3 > ■ ■ -. Using the fact 
that de^e-^ = dT + ^[T , dT] + ^ [T[T , dT]] + ■ ■ -, one observes that the term in d.MM-^ 
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whose grade is maximal is just Therefore, if Si < I, ( |2.25| ) requires that d_C,-si = 0- 

Using this result, the term whose grade is next to — Si in d-MM~^ is d-C,-s2 ^^d, therefore, 
if S2 < I, ( |2.25| ) implies d-^-s2 = 0. So, following such reasoning, one gets 



d-^-s = 

Analogously, for the fields in N one gets 

d+Cs = 



for s < / 



for s < I 



(2.30) 



(2.31) 



Therefore the extra fields in and M are chiral and decouple from the B fields. Obviously, 
when I corresponds to the lowest positive grade, the reduced model contains only B and 
such chiral fields are absent. 

From (|;20D-(|]2lD and (12^2^ )- (p^) one obtains 



d_gg-^ = N (^A_i + d^BB-^) N-^ + d-NN-^ 

S>-1 

g-^d+g = (A/ + B-^d+B) M + M'^d+M 



(2.32) 



(2.33) 



S<1 



where the index s denotes the grade of the current component. 

Therefore, in terms of the currents, the constraints ( |2.22| )- (p.23| ) are 



l<s<0 

d-gg'^ 
d-gg'^ 



-I 
<-i 



and 



{g-% 



[g-'d+g 
{g-'d+g 



>l 
I 



0<s<l 



A-i 






A^ 



-l<s<0 



0<s<l 



(2.34) 
(2.35) 
(2.36) 

(2.37) 
(2.38) 
(2.39) 



When / is not the lowest positive grade in (|2.13| ), these constraints are not only first class, 
but they also include second class constraints. 



3 Conformal Invariance of the G-CAT models 



The two-loop WZNW model ( |2.1j ) is a conformally invariant theory and the correspond- 
ing Virasoro generators are given by the Sugawara construction. The procedure to show that 
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the G-CAT models are also conformal invariant is the same for both chiralities, and, here, 
we consider only the right moving component of the stress tensor. From now on, we shall 
restrict ourselves to the models defined in terms of integral gradations (see appendices B 
and C). 

Using the Sugawara construction we can obtain two Virasoro generators from the currents 
of the two-loop Kac-Moody algebra (see (^)-(|2;|) and ( CT) ) 

-| dim 5 oo 

= ^ E E 9'"'Jlai^)JH].{x) (3.1) 

'^'^ a,b=ln=-oo 

T(2)(x) = ij^(x)J^(x) (3.2) 

They both satisfy a centreless Virasoro algebra 

[T«(a;) , T»(y)] = 2T'-'\y)dJ{x - y) - dy (t«(i/)) 5{x - y) ; for z = 1,2 (3.3) 
and they commute 

[T«(a;),T(2)(^)] = (3.4) 
These Virasoro generators induce the following transformation of the currents: 

[T^'\x) , JrAv)] = JR,aiy)5\x -y)-dy (JIM) Six - y) 



- lJUy)Ji{y)Kx-y) (3.5) 

[r«(x), J^'^(y)] = (3.6) 



and 



[T^'\x) . JIM] = lJla{y)Ji{y)5{x-y) 

[T^\x) , Jl^'{y)] = Jl'{y)6\x - y) - dy {j^''{y)) 6{x - y) (3.7) 

Therefore all the currents transform as primary fields of conformal weight 1, under the 
sum of the two Virasoro generators 

T{x)=T^^\x) + T^^\x) (3.8) 

and so 

[T{x) , J{y)] = J{y)dJ{x -y)-dy {J{y)) 5{x - y) (3.9) 

where J{y) stands for any of the currents. Obviously T{x) also satisfies a centreless Virasoro 
algebra 

[T{x) , T{y)] = 2T{y)dJ{x - y) - dy {T{y)) 5{x - y) (3.10) 

In ( 2.38| ) the currents in the direction of the generators of grade / were set to a constant. 
This breaks the conformal invariance associated to T{x) since such currents are not scalars. 
However, we can modify T{x) to obtain a new Virasoro generator under which those currents 
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are scalars. If the gradation ( |2.13| ) is realized by a grading operator Qg, we can use the 
component of the current corresponding to Qs, i.e., 

J^^ix) = Tr(g,jR(x)), (3.11) 

to modify T{x)] then, from ( 2.10I ) and (|2.12|) , the right currents in the direction of the 
generators of grade I have grade —I with respect to J^'' 

[J^'i^) , Ji{'\y)] = Ji{'\y)s{x - y). (3.12) 

Therefore, we introduce the improved stress tensor as 

L(x) = T{x) + jd^J^^ix) (3.13) 

under which the currents set to constant are scalars. 
The improved stress tensor ( p.l3| ) satisfies 

[L(x) , Liy)] = 2L{y)dJ{x - y) - dyL{y)5{x - y), (3.14) 

which is a centreless Virasoro algebra too; notice that the Virasoro algebra generated by 
L{x) might have a central extension proportional to Tr((5g), but, for the particular choice 
( |U.1|) , it vanishes. With respect to L{x), the components of the current Jr{x) whose grade 
is j G 2 transform as primary fields of conformal weight 1 — j/Z, with the exception of the 
component {CJr{x)) whose transformation is 

L(x),Tr(CJK(y))] = i:T{CjR{y))dJ{x-y) 

-dy(i:T{CMy))y{x-y)+ -^dl5{x-y). (3.15) 

For the other chirality a similar procedure applies, thus establishing the conformal invariance 
of the G-CAT models. 

According to eg. ( |C.10D , we parameterize the field B as 

B = Boe''^ + '^^^ (3.16) 

where Bq denotes an element of the subgroup formed by exponentiating the elements of the 
subalgebra Qq defined in appendix 0. From ( p.26|) , we get 

d+ {d-BoB,^) + d+d^iyC + d+d-r]Q, = e"^ [A_z , B^KiB^^] (3.17) 

The conformal invariance of the G-CAT model can be made explicit by verifying that the 
above equation is invariant under the conformal transformations 

x+-> x+ = f{x+) ; x_ ^ 5_ = g{x^) (3.18) 

if the fields transform as 

Bo{x+,x_) Bq{x+,x_) = Bq{x+,x^) 



rj{x+,x.) „-r](x+,x.) _ ( fi( ( l( -ri(x+,x.) 



U'M) ^ {g\x-)Y^'e-^^^^'^-^ (3.19) 
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where 6 and 6 are arbitrary. Notice that Tr (CJ7r/l(x±)^ = k Ng 9±?7(x+,x_), and that the 
transformation expressed by eg. ( p.l9| ) is in agreement with eq.( |3.15| ). 

The grading operator Qs has a component in the direction of D that cannot be the result 
of any commutator, i.e., D,Qs ^ [G,Q]', then, it follows from ( p.l7| ) that rj is actually a free 
field 

d+d^r] = (3.20) 
Therefore the solutions for t] are of the form 



r]{x+, x_) = ?7+(x+) + r]^{x^), 



(3.21) 



and, for every regular solution, the term e can be eliminated by a coordinate transformation, 
like in the usual CAT models In fact, for regular solutions, we can define the coordinate 
transformation 



dy+e' 



X. 



X^ 



and so 



Hence, when the equation of motion for rj holds, ( |3.17| ) becomes 

a+ {d-BoB^') + d+d-u C = [A_; , B^XiB^^] 



(3.22) 
(3.23) 

(3.24) 



We will refer to such theory, containing only the fields Bq and z/, as the Generalized non- 
abelian affine Toda models (G-AT). Let us point out that, in ( |3.24|) , the dynamics of the field 
Bq is actually independent of the field while the equation of motion of v is, see ( |C.8p -( P^ ), 



dj^v = ]^ Tr (g,[A_, , 5oA;Bo"']) = Tr [K^B^^K^iB,) . 



(3.25) 



It is also worth noticing that the G-AT model is already invariant under the scale trans- 
formation x± X^^x± (which is, in fact, a Lorentz transformation), and that the field r] 
actually plays the role of a connection to implement conformal invariance. 



4 The Leznov-Saveliev solution 



In this section, we use the method of Leznov and Saveliev 15| to obtain the general 
solution for the G-CAT models. This method has been discussed quite extensively in the 
context of Toda models and we present it here in some detail because, when applied to 
the G-CAT model, it has some features not common to the other ones. Specifically, when 



/, the grade of the currents set to a constant value (see (|2.35|) -( p738|) ), is not the lowest 
non-vanishing grade, the solution has a number of chiral parameters greater than twice 
the number of fields. In addition, we will use the results of this section to relate some 
special Leznov-Saveliev solutions to the dressing transformations and r-functions discussed 
in sections and ^j. 
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The equations of motion ( 2.26 ) (or equivalently ( 2.27 )) can be put in the form of a 
zero-curvature condition 

[d+ + A+,d. + A_]=0 (4.1) 
with the gauge potentials being given by 



A+ = -BkiB 



A_ = -d^BB-' + A_i (4.2) 



Notice that the zero-curvature condition ( |4.1| ) is equivalent to the equations of motion for 
the B fields only. It does not involve the equations for the chiral fields C,-s and (g {1 < s < I) 
given by (^)-(^). 

Since the gauge potentials ( ^l2|) have to satisfy (|4.1| ), they must be of the "pure gauge" 
form, i.e., 

A± = -d^gg-' (4.3) 

where g is an exponentiation of the Kac-Moody algebra generators (|2.2|) - (|2.3|) . The element 
g is obtained by integrating (|4.3| ) a la Dyson, i.e., g{xj^,xJ) = g{0)Pexp (^J^^'^'^~^ dy'^Aij^ . 
However, since the field strength associated to A^ vanishes, it follows from Stoke's theorem 
that the integral is path independent. In general, due to the form of expressed by 
eq.([4.2|), the integration becomes easier by choosing two special paths. Here, we use an 
algebraic procedure to integrate ( [4.3|) , and we start by writing g in terms of two different 
group elements gi, g2 E G a.s 

g = gi = Bg2, (4.4) 
which are related to the two previously mentioned special paths. Then, we get 

d±gg~^ = d±gig^^ 

d±gg-' = d^BB-' + Bd^g^g^'B-' (4.5) 
Therefore from (|4.2|) and ( [4.3|) 

d^g.g^' = BAiB-' (4.6) 

d-gig^' = d-BB-'-A^i (4.7) 

d+g2g2' = -B-'d+B + Ai (4.8) 

d.g^g^' = -B-'A_iB (4.9) 

We now consider the states of a highest weight representation of the Kac-Moody algebra 
Q which are annihilated by the positive grade generators, i.e., 

T|/i) = 0; for Tg^+ (4.10) 

In addition, we require that 

{l2\T = 0; for Tg^_ (4.11) 

which is a consequence of ( |4.10|) if ^_ is related to ^+ by conjugation. The set of such highest 
weight states constitutes a representation of the finite subalgebra Qq, since if | /i) satisfies 
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( [4.1(j| ) so does Qq \ fi); we will assume that this representation of Qo is faithful, which is not 
true for the integrable highest weight representations mentioned in appendix 
From (^J§ and ( pi]) , one then gets 



d+gi9i ^ I 



gid+g^' I /i) = fiA^fi-^ I /i) = 



-(/i I B~^A_iB = 
and so the states fiff^ | /i) and (/i | are chiral 

d+Qi^ I /u) = ; (yu I 9_^2 = 

Now, from 



in' \ B I ^) = I ^2^1 I /i) 

and so, the matrix elements of B~^ are obtained by contraction of two chiral vectors. 
Next, let us use the Gauss decomposition to write 



gi=UB.M. 



where 



g2 = MB+N+ 

M,M_ eexp (^_) 



B± e exp (^0) , AT , e exp 
Substituting ( [4 .151 ) into ( |4.6|) , one gets 

M-^BAiB-^M = M'^d+M + d+B^BZ^ + B^d+M^MZ^BZ^ 

and, consequently, 

d+B_BZ^ = 
d+M_MZ^ = 
d+UM-^ = BkiB-^ 

Analogously, substituting ( |4.15| ) into ( ^^ ) one gets 

- M'^B-^A_iBM = M-^d^M + d^B+BZ^ + fi+9_A^+iV-^fi7^ 



and, so. 



d-B+B-^ 
d_MM-' 








-B-'A_,B 



Now, from 



AT-i Id^BB-^ -A_i)Af = Af-^d_Af + d_B_BZ^ + B_d_M_MZ^B-^ 



therefore. 



d^M^MZ^ = -BZ^ (M-^A_iM)^^B_ 
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and, from (^^), 



{-B-^d+B + ki)M = M'^d+M + d+B+B'^ + B+d+N+N'^B-^ (4.27) 
which imphes 



d+N+N-^ = BzUM-^AiM] B 



>o 



Finally, if we write 



M = expij2 Xts 



(4.28) 



(4.29) 



\s>0 



s>0 



with xt ^ Gs, we conclude from ( [4.20|) and (|4.24| ) that 



d+Xs 

d-X-s 



; for < s < Z 
; for < s < /, 



(4.30) 



by using arguments similar to those leading to ( p.30|) and ( 2.31 ); these chiral quantities are 
the only parameters of Af and A4 contributing in ( ^4.26|) and ( [4. 281) respectively. 



Therefore, from (|4.14|) and the considerations above we conclude that the general solution 
for the G-CAT model is given by 



{fi' I B-\x+,x^) I /i) = ill' I B+{x+)N+{x+)Mz\x.)Bz\x.) \ fi) 



(4.31) 



where the quantities N^{x^) and M_(a;_) are determined from ([4.28|) and ( [4.26| ) respectively. 
The group elements B^{x+) and B_[xJ) together with the chiral quantities x^i.^-) ^-^id 
X-si^+) for < s < Z, parameterize the general solution ([4.31|) . When / is the lowest 
positive grade of Q in the gradation, the parameters are absent. 

Notice that, in order to reconstruct the group element B in ([4.31|) , one has to choose a 
representation and a suitable number of states | yu). A priori, the above method does not give 
any criterium for that choice. In section ^ we will see that, in the r-function formalism, one 
needs just the highest weight state of a particular integrable representation of the Kac- Moody 
algebra Q. 

5 The symmetries and vacua of the G-CAT models 

The equations of motion ( |2.26| ), or equivalently ( |2.27| ), can be obtained from the action 
= K(^-^J(fx 1i(d^Bd^B-^) + y e'^^l^i [B-^diB B-^djB B-^dkB) 

+ J d^x Tt^AiB-^A-iB)^, (5.1) 



S 



i.e., the WZNW action for the field B G exp yQoj plus a potential, where, since A^^ ^ Qo, Tr 
has to be the trace form of the Kac-Moody algebra Q. Nevertheless, the calculation of almost 
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all the terms in requires just the restriction of the trace form of Q to Qq. Actually, the 
first two terms of involve generators of Qq only, and, in the last term, the trace form can 
be evaluated on the subalgebra Qq except for a constant term. Indeed, writing B = with 
T G ^0, one has Tr [kiB-^K^iB) = Tr (A,A_0-Tr ([A_z , Ki]T) + \Ti ([[T , A_,] , ki]T) + - ■ -. 
In the action (|5.1|) , notice that /t is a coupling constant which plays no role in the classical 
theory, where it can be considered just as an overall factor. 

The relation of the action (|5.1| ) with the affine Toda models can be exhibited by using 
the parameterization (|C.10| ) such that 



5 = 506^^ + "^?% i?oeexp(^*); (5.2) 
so, using eqs.(p:TT|)-([C:Tl, 



S = Kl^-^Jd^xTi (d^B^d^B^^) + ^ld'y e''" Tr [b^'O^Bo B,'d,Bo B.'dkB 
+ Jd^xe^"^ Tt [AiB^^A^iBq) + ^ J d^ x d^, u d^" 7]^ . (5.3) 

Then, the action of the G-CAT model is the WZNW action for the field Bq e exp (^o)) P^^s 
a potential involving the field Bq coupled to t], plus, finally, a kinetic term for the two fields 
u and rj. Consequently, when rj = (or constant, in general) the action ( ^.3|) is precisely the 
action of the generalized non-abelian affine Toda model corresponding to the field B^. 

Eq.( |5.3| ) also shows that one should not expect to obtain always different models for 
different values of I. First, notice that the explicit dependence on / in e''^ can be eliminated 
hj 1] ^ and u —>■ u I. Second, it follows from eqs.( |C.l| )-( |C.3| ) that 

g = IiC ®JRD ^ Gj, (5.4) 

where £" = J + Z A^s, is a set of integers > and < Ng, and Qj+mNs is isomorphic to Qj for 
all m G Z. Through this isomorphism, for each u G Qj and v G Q-j such that Tr{u v) ^ 
there exists u G Qj+mN^ and v G Q-j-mN^, for all m G Z > 0, such that Tr{uv) = Tr{uv). 
All this shows that the only a priori different models correspond to the different choices of 
K±i with < / < A's- 

The symmetry group of the G-CAT model is the subgroup of the symmetry group of the 
WZNW model (|2.5| ) which leaves the potential term invariant. Specifically, ( ^.1|) is invariant 
under the transformations 

B{x+,X-) ^ hL{x-)B{x+,X-) , B{x+,X-) ^ B{x+,xJ)hR{x^) (5.5) 
where hi/R are elements of certain subgroups Hl/r C exp (^Qoj satisfying 

hL'A^ihL = A-i , hRAih^^ = Ai (5.6) 

Depending upon the choice of A±i, these subgroups may vary considerably, and, in fact, the 
left and right subgroups might not be isomorphic. The Noether currents associated to such 
symmetries are 

J{Tl) = - Tr (TLd^BB-') ; J{Tn) = Tr (T^fi-^S+fi) (5.7) 
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where 



I.e., 



Ti/fieKer(adA^0n4, (5i 



[Tl , A-i] = , [Tr,Ai]=0, and exp (Tl/r) G Hl/r- (5.9) 
Indeed, from ( |2.26| ) and (|2.27|) we have 

9+J(Ti) = 0; a„J(T^) = (5.10) 

The question of the vacua of these models is quite dehcate because the sign of the kinetic 
energy depends on the properties of the trace form Tr. Actually, we will be interested in the 
solitons of the massive G-AT models (|3.24|) , which correspond to the spontaneous breakdown 
of the conformal symmetry by the choice r] = r]Q = constant (see ( |6.10 )). Then, the only field 



will be Bq, and eq. (|5.3| ) shows that the sign of the kinetic term depends only on the restriction 
of the trace form to or, equivalently, on the properties of the subgroup exp (poj regarding 
its compactness. Even though affine Toda models based on non-compact groups have been 
considered in relation to two-dimensional black holes we will be mainly interested in 
the case when the group is compact and the kinetic energy of Bq is positive. This can be 
achieved by choosing the compact real form of the Lie algebra Qq, which is always possible 
because of the following reason. Let us recall that Qq is isomorphic to the affine subalgebra 
of Q generated by {i^i , . . . , -f^r }Q' and {-Eq} with n Ng + a ■ Hg = — in appendix we 
show that the only possible values of n are either 0, if sq 7^ 0, or 0, ±1, if sq = — . Then, if 
G Qq for some a and n, Ez^ ^ Qq too, and we can always choose the real form of Qq such 
that its generators are Hf, . . . , H^, {E^ + Ez2) and i(£'2 — Ez^), where n Ns + a ■ Hs = 0. 
With this choice, eqs.( [B.7| )-( |B.9| ) can be used to show that the trace form of Q restricted to 
Qq is positive definite; this is equivalent to say that the subgroup exp (^Q^^ is compact. In 
the previous discussion, we have ignored the field u because it does not contribute to the 
kinetic energy of the G-AT model, as can be checked in ( ^.3|) . Thus, for rj = rjo = constant, 
the action ( p.3| ) has a positive definite kinetic energy for the particular choice of the real 
form of Qq. 

In addition, with this choice, Bq has to be unitary, which ensures the reality of the first 
two terms of ( ^.3|) that specify a particular WZNW model. In contrast, the reality of the 
potential depends on the hermiticity properties of A±i, which strongly constrains the possible 
choices of A-t^ . However, as we discuss in sections ^ and ||, the masses of the fundamental 



particles and solitons of these models depend only upon the eigenvalues of certain elements 
E±i G Q±i defined in ( p.ll| ), and those masses are real even for a wide class of models whose 
potential is complex. 

In order to have static solutions for the field Bq, the right hand side of ( ^.17] ) should vanish 
or have components in the direction of the central term only, i.e., we will be interested in 
those cases where there exists a constant group element Bq G Qo such that 

Ei = bQAib,' and E_i = A_i (5.11) 



''Actually, the generators are {H^, . . . ,H^}, but, because of equation ( ]C.7| ), the HaS are equivalent to 
the Ha's as generators of the subalgebra Gq. 
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satisfy 

[Ei,E_i]=j3C, (5.12) 

where 

= ^ limEuE^i]) = ^ Tr(E,E_0- (5.13) 

Notice that eq. (|5.12|) would be satisfied if E±i are elements of some Heisenberg subalgebra of 
Q] this shows that it is possible to associate G-CAT models that admit static solutions to the 
elements of the different Heisenberg subalgebras of Q whose classification is available [^ |. 
Then, for rj = 0, the corresponding solution of ( |3.17| ) is 

5™" = 6o and i^o = -px+x_. (5.14) 

Obviously, if /3 7^ 0, the vacuum solution for the field in the direction of the central term 
C is not actually static; in fact, this is a generalization of what occurs in the abelian CAT 
models 0. 

Let us introduce a group element b* G Qq such that (see eq. ( p.l6|) ) 

B = 5oe'^^ + ''^^ = bboe'">^e'^^^ = b* e"^ boe'^'^e'^^^; (5.15) 

so, the vacuum solution is 6* = 1, z/ = 0, and 77 = 0. Therefore, the equations of motion 
(gWi) read 

d+ (d^b* b*-^) + {d+d^v -P)C + d+d^T] = e''' [E_i , VEib*-^]- (5.16) 



obviously, according to ( |3.20| ), 77 is a free field. In terms of the field 6*, the transformations 
( pTsD read 

b* e""^' ^hL{x-)b* e""^ ■ b* e"^ ^b* e'^hR{x+) (5.17) 

where 

hR{x+) = bohR{x+)bQ^, hL{x+) = hL{x+), (5.18) 
and so from (|5.6| ) and (|5.11|) 

hix-)-^ E^ihix^) = E^i and hR{x+) EihR{x+)-^ = Ei. (5.19) 

In addition to the continuous symmetries expressed by eqs.( [5.17D -( p.l9[ ), the theory may 
possess some discrete symmetries. In general, these are generated by group elements which 
are exponentiations of generators that do not really commute with E±i, but do leave them 
invariant when the parameters in the exponentiation assume special values. An interesting 
class of such symmetries is related to the co- weight lattice of Q. For the integral gradations 
( [B.ll|) , the Cartan subalgebra of Qo is the same as that of Q. Then, let fi^ be a co- weight of 
Q, i.e., = ma2\a/al, with being integers, and and being the fundamental 
weights and simple roots of Q, respectively. Any element of the Kac-Moody algebra Q has 
an integer eigenvalue with respect to the elements of the Cartan subalgebra of the form 

■ + nD; therefore 

^2n^{^-■H0+nD)■^^^^-2ni{^,-■H0+nD) ^ ^ co-wcight /i'^ and integer n (5.20) 
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Obviously, this is a complex transformation; however, since we will be dealing with the com- 
pact real form of exp (poj , it implies a real transformation on the components of the field b, 
when we parameterize it as in ( |6.1|) . Such class of transformations constitute a generalization 
of what occurs in the abelian affine Toda models, in the pure imaginary coupling constant 
regime ^ Q . Those transformations are responsible for the infinitely many degenerate 
vacua and for the existence of topological solitons. In addition to (|5.20| ), some theories may 
possess some additional discrete symmetries depending upon the particular form of E±i. The 
question of the topological charges associated to such discrete symmetries will be discussed 
elsewhere. 



6 The classical masses of the fundamental particles 



The G-CAT models, described by ( |5.1| ), are conformally invariant and, therefore, their 
fundamental particles are massless. However, the G-AT models introduced in (|3.24|) are the 
gauge fixed version of the G-CAT models, which are not conformally invariant, and which 
have massive fundamental particles; in this section, we will calculate their classical masses. 
In (|5.15| ), we will parameterize the group element b* G as 

b* = e'^ (6.1) 

where 

T = ip'Ti, i = l,2,...,dim^*, (6.2) 

where dim^Q = dim^o — 2, and Tj denote all the generators of Qq (see ( p.8|) ); {v?'} and u 
are fields of the the G-AT model. Then, taking t] = 0, the linear part of the eg. ( |5.16|) gives 
the Klein-Gordon equations for the G-AT fields 

d^d^u = (6.3) 
d+d. T, + [E^i , [El , T,]] = (6.4) 



So, the field v is massless, and, writing ( |6.4|) as (our conventions are a;± = x ± t, and 

(sV^ + ^^M^Q r, = o, (6.5) 

we get that the mass square matrix for the yj* fields is given by 

M^i Tj = -4[E^i , [El , T,]] = -4[Ei , [E.i , T,]], (6.6) 

where we have used eq. ( [5. 12] ); therefore 

^ Tr (T, T,) = -2 (Tr {[E^i , [Ei , T,]]T,) + Tr {[E.i , [Ei , T,-]]T,)) 

= -2 (Tr {[E^i , Tj][T, , Ei]) + Tr {[E.i , T,][T, , Ei])) (6.7) 

If /il(x_) and /iij(x+), defined in ( |5.19| ), have a set of common generators, one observes from 
the second line in (|6.7|) that the mass matrix is block diagonal with the block corresponding 
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to this set being zero; so, the particles associated to that set of common generators are 
massless. 

Notice that the diagonahzation of the mass matrix ( |6.6| ) corresponds to the diagonahza- 
tion of the action of the operator [E^i , [Ei , ■]] on the subalgebra Qq, 

[E^i , [El , T]] = [El , [E^i ,T]] = XT; Te Q*, (6.8) 

Due to (|5.12|) and to the invariance of the trace form, the subspaces corresponding to different 
eigenvalues are orthogonal. Therefore, the masses of the fundamental particles are 

m^ = -4A. (6.9) 

For the G-CAT models, this constitutes the generalization of the arguments used in the 



abelian affine Toda models fS^, However, to establish the physical significance of (|6.9| ) 
in each G-CAT model, one has to ensure that the eigenvalues A are real and non-positive. 
Below, we discuss how to calculate the eigenvalues A in some examples. 

When going from the G-CAT to the G-AT model, notice that if we had set the field 77 
to a non-vanishing constant value, namely rj = rjo, the commutator term in (|5.16| ) would get 
multiplied by a factor 

= e'*"^ (6.10) 

and all the masses would be multiplied by this factor too, m\ = — 4w^A. Therefore, the 
primary field = e''' ( |3.19| ) actually works like a Higgs field with the mass matrix being 
proportional to its vacuum expectation value f,,. Consequently, the masses of the G-AT 
model are generated by the spontaneous breakdown of the conformal invariance of the G- 
CAT models by the choice of a particular vacuum configuration rj = r]o = constant. However, 
we will not carry the constant explicitly because it can be absorbed in the definition of 
E±i] so, the mass scale of the G-AT models will be set by the normalization of E±i. 

7 The Dressing Transformations 

Consider a generic non-linear system admitting a formulation in terms of a zero- curvature 
condition 

[d^ + A^,d, + A,] = Q (7.1) 

with the gauge potentials lying on a Lie algebra Q and being functionals of the fields of 
the model. The dressing transformations |l^, 0, |18|, |19| are non-local gauge transformations 



acting on and leaving its form invariant. Each one of these gauge transformations is 
performed in two different ways in terms of two different group elements 0+ and 0_ of G 
(the group whose Lie algebra is Q) 

A^^A^^ Q^A^Q-^^ - d.Q^Qg' (7.2) 

Since A^ satisfies ( |7.1j ) it has to be of pure gauge form 

A^ = -d,TT-' (7.3) 
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and, consequently, = — <9^(6-|-T)(9-|-r) ^ Therefore, there exists a constant group 
element g such that 0+T = Q-Tg and, so, 

e+T = e_Tg or equivalently 6:^6+ = T^T"^ (7.4) 

The requirement that the dressing transformation preserves the form of the potential 
implies that Q± must belong to two different subgroups of G determined by the particular 
form of in Q. In this sense, eq. ( [r.4D corresponds to the factorization of TgT~^ into 
those subgroups. Then, given a solution of the model defined by a group element T and 
a constant group element g, the dressing transformation can be used to construct another 
solution defined by = B+T (or equivalently = 6_T). 

We will now use the dressing transformations for the G-CAT models to construct their 
solutions lying in the orbit of the vacuum. The gauge potentials for the G-CAT models are 
given by ( |4.2| ). Using ( ^.11|) and ( |5.15| ) one gets 



= -e^UEib-^ 

A_ = -d^bb-^ -d^r]Q^ + E_i + (3x+C. (7.5) 
Then, for the vacuum solution, namely b = b* = 1 and rj = 0, one has 

= -E, 

a'l^ = E_i + f3x+C (7.6) 
which can be written as in ( |7.3| ) with the group element 

To = e"+^'e-"-^-' (7.7) 



We now perform a gauge transformation of the form ( [7.2|) that maps (|7.6| ) into (|7.5| ) for 
7] = 0. Due to the structure of A±, we choose the elements 9± in ( |7.2| ) as 

e+ = 0> ; 0_ = eL°^ e< (7.8) 

with Q±\ 0^ and 0^ belonging to the subgroups of G obtained by exponentiating the 
subalgebras Qo, and defined in ( |2.15|) , respectively; consequently, we write 



0+ = exp f E ^^^^1 ; 0- = exp f E i^^^^l ; ^^^'^ e 

\s>0 / \s>0 / 



(7.9) 



Therefore 0± have to satisfy 



bEib-^ = e±EiQ^' + d+Q±Ql^ (7.10) 
E_i-d^bb-^ = Q±E_iQ^^ - d^e^eg^ (7.11) 

In order to solve these equations one has to split them into the eigensubspaces of the grada- 
tion (|2.13|) . We now show how to construct 0+. The calculations for 0_ are very similar. 
Due to the structure of 0+ the right hand side of (|7.1CI|) and ( [7.11| ) have grades greater 
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or equal to and — / respectively. So, using ( [TBI ) one gets that the component of grade 
zero in ( |7.10| ) implies (9+0^''(0^'')~^ = and the component of grade —I of ( |7.11| ) implies 
E^i = 6+''-E_/(6+'')~^. Therefore, 0+'* has to be an element of the subgroup Hl introduced 
in (|5.5|) . So, we write 

ef = h-^\x^) (7.12) 
Considering the component of ( |7.1QD with grades < s < /, one gets 



0<s<l 



0, 



and from the component of (|7. 1 1| ) of grades — / < s < it follows that 



-l<s<0 



0. 



Therefore, taking into account (|7.9|) , one concludes that 



^ t('')(a;_) G centralizer of E^i, for < s < / 



Now, using (|7.12|) and ( [7.15|) , the component of grade / of eq. (|7.1CI| ) leads to 

d+t^^^ = -El + hL{x^)bEib-^hj}{x^) 



As for the component of grade in ( |7.11|) one gets 

d_hh-^ = -hl\x^)d.hL{x.) - /ii^(x_)[t(') , E^i]hL{X-) 



(7.13) 



(7.14) 



(7.15) 



(7.16) 



(7.17) 



Finally, for the components of ( [7.10| ) and ( |7. 1 1| ) of grades greater than / and respectively, 
the result is 



(9+0>(0>)-^ + e>E,(e>)-^ 
^a_0>(0>)-i-0>E_,(0^)-^ 

Performing the same calculation for 0_, one finds 



>i 
>o 








0(0) 
t(-s) 

b-^d,b 



hhR{x+) 

t^^^\xj^) G centralizer of i?/, for < s < / 

E^i - hn{x+)-'b-'E_ibhn{x+) 
-d+hn{x+)hn{x+y^ - hR{x+)[t^~^'^ , Ei]hR{x^ 



where hR{x+) was defined in (|5.18| ), and also 

;9+0f(0f)-^ + 0f E;(0f)-^ 



(a_0f(0<)-^-0<E_; (0<)-^ 



<o 

<-i 








(7.18) 
(7.19) 



(7.20) 
(7.21) 
(7.22) 
(7.23) 



(7.24) 
(7.25) 
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Taking all this into account, from ( |7.4| ), one obtains 



(0 



<^-l 



hL{x-)bhR{x+)) 6 



-1 



g-2:- -E-i ^ ^x- E_i ^-x+ El 



(7.26) 



This relation has a very powerful meaning and it will be important in understanding the 
soliton solutions and r-functions. Once 0^ and are determined from the relations given 
above, it is possible to reconstruct the corresponding solution for the b fields on the orbit of 
the vacuum for each constant group element g. In ( 7.26 ), notice that he gauge symmetries 
( ^.5|) of the G-CAT models have been made explicit, and one can easily choose a unique 
solution in each one of the orbits of those gauge groups. 



Since we will use it in section 10, we point out here that the choice 







for n not a multiple of I 



(7.27) 



for the quantities introduced in (|7.9| ) is a solution for the dressing problem that corresponds 
to choosing all the chiral quantities in eqs.( [7.15"D and ( [7.21|) to be zero. Indeed (|7.15| ) and 
( [7.21| ) are trivially satisfied and ( |7.18| ), ( [7.19| ), ( |7.24| ) and ( |7.25| ) will now have components 
only in the subspaces with grade which are multiples of /, and so, they can be consistently 
solved. However, unless some extraordinary cancellation happens, the type of solutions 
( [7.27| ) imply that the constant group element g in ( [7.26 ) can only be an exponentiation of 
generators with grades which are multiples of /. 



7.1 Connection with the Leznov-SaveUev solution 



If I fi) and I fi') are states of a given representation of Q satisfying ( [4.10|) and ( [4. 11]) , and 
after fixing the gauge a.s hji = hi = 1, one obtains from ( |7.26| ) that 



{^i'\b''\fi) = (/i'|6oi?-V°^|/i) 



(7.28) 



where we have used ( ^.12|) , and C(/i) is the value of the central term in the representation 
under consideration. 

Now, if one chooses the parameters of the Leznov-Saveliev solution ( [4.31|) as 



bo' 



and 



then one gets from ( |4.26| ) and ([4.28|) that 



5_ 



for < s < / 



-X- E^ 



M„(0) 



iV+(a;+) 



^x+ El 



iV+(0) 



(7.29) 
(7.30) 

(7.31) 



Substituting that into ( [4.3 1| ), and using ([3.16| ) and ( [5.15| ), we get the same as ( [7.28| ) with 
g = A^+(0)M_(0)~^. The factor e^^'' drops out if the state | fi) has zero Qg-eigenvalue, and 
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a factor b^^ on both sides of the relation can be ehminated before taking the expectation 
value on the representation states. 

Therefore the quite simple choice of parameters ( |7.29| ) and ( [7.30| ) leads, in the Leznov- 
Saveliev method, to all the solutions in the orbit, under the dressing transformations, of the 
vacuum solution. In addition, such choice picks up only one solution in each orbit of the 
gauge transformations (5^). Such observation sheds some light on the so called solitonic 
specialisation procedure used in pO| to construct the soliton solutions of the abelian Affine 
Toda models, and suggested in for the same construction, in the case of a more general 
class of integrable models. 



8 The T-functions 



In relation (|7.26| ) the solution for the field b is found in terms of the quantities t^^\ 
In practice, solving such relations might turn in a quite cumbersome task. However, the 
quantities t^^^ have a very important meaning. They are the embryo of the so called r- 
f unctions. 

The r-functions have a very important role in soliton theory. They are used in the 
Hirota method to construct exact solutions of soliton equations [Q]. In addition, formalisms 
have been developed to construct soliton equations starting from a given definition of the 
|]. The connection between dressing transformations and r-functions has 
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been explored in the context of the KdV equation ||35[ and of the generalized integrable 
hierarchies of the KdV type However, in those cases the r-functions were defined on 
some special vertex representation of simply laced Kac-Moody algebras. Inspired on the 
dressing transformations, here, we present a general definition of the r-function that is not 



restricted to any particular representation of Q, and which generalizes the results of p4 



Consider an integral gradation of an affine Kac-Moody algebra Q labelled by a vector 
s ( |B.11| ), and let | As) be the highest weight state of an integrable representation of Q [P7| , 
satisfying the relations ( |B.17| )- 0.21|) . We define the r-function Ts as the result of the action 
of the left hand side of ( [7.2(31 ) (or equivalently, its right hand side) on | Ag), but with the 
gauge symmetry (|5.5|) fixed as hii^xJ) = hji{x+) = 1, i.e., 



rs [X 



(x+,x_) = {e<)-H-' I A,) 



^x+E^ ^-x, E,, g E^, 



As) 



As far as the relation among the b fields and r-functions is concerned, the definition above 
is made on shell. However once such relation is established it can be extended off shell. 
The definition (|8.1|) implies that 



9+rs = [Ei,G] I As) = ^^rs 
a_rs = -[E.i,G] I As) 



(8.2) 
(8.3) 



where we have used (|5.12|) and denoted 



G = e 



x+ El E_i ^ ^x. E_i ^-x+ Ei 



To g To 
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Therefore, 

d+d^T, = -[Ei,[E^i,G]] I A,), (8.5) 

Since Tg is a state of the representation, we can spht it into eigenstates of the grading 
operator Qs given by (p.l2| ) 

= rf + ri-i) + r^'^) + . . . (8.6) 

with 

Qsri") = (r^s + r2)rW, (8.7) 

where r/s has been defined in ( p.2CI|) . 

Notice that | Ag) is an eigenstate of the subalgebra Qq and, since is an exponentiation 
of the negative grade operators, we get that 

rf = I A,) ~ I A,) (8.8) 

Thus, denoting 

ff ^ (A, I rf = (A, I r, = (A, | | A,) (8.9) 

we get 

t|) = I As). (8.10) 

This equation is the straightforward generahzation of the eq.(5.1) of |2^, which, in that 
reference, estabhshes the relation between the zero curvature formahsm and the r-functions 
for a class of generahzed integrable hierarchies of partial differential equations; our results 
open the possibility of generalizing for a wider class of integrable equations. As a 
consequence of (|8.2|), notice that the c- number function f^^^ satisfies 



9+lnff = (As| Ei{Q<_)-^ I As) (8.11) 

Solutions that travel with constant velocity without dispersion, namely the one-soliton 
solutions, can be easily constructed as follows. Let F be an eigenvector under the adjoint 
action of E±i 

[E^i , F] = u^iF (8.12) 
We then choose the constant group element g in ( ^.1|) as 



^soi. = (8.13) 

Therefore 

r,i-^°'- (x+ , x_) = ^' e""- e"" | As) 

= exp (e^("-''*)F) I As) (8.14) 

where x± = x ± t, and 

'J = uji-uj_i] V = (8.15) 
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Nevertheless, if v is going to be the velocity of the soliton, observe that we must have 

ujiuj^i<0 (8.16) 

because if u±i have the same sign, then | t> |> 1. 

So, for each eigenvector of E±i we have a one-soliton solution. The multi-soliton solutions 
are constructed by choosing g as a. product of one-soliton g's, i.e., g = .... In fact, 

this is a generalisation of the ideas used in |2^. However, notice that if we have F and F', 
with corresponding eigenvalues u±i and a;^;, satisfying ( |8.15|) with different 7's (let's say 7 
and 7') but the same velocity v, then we have 

exp (e^("-"*)F) exp (^e^' F') | A^) (8.17) 

So, we have a two-soliton solution which can be put at rest in some Lorentz frame. Such 
solution possesses several properties of the one-soliton solutions. Indeed, as we discuss 
below, the mass formula for these solutions are obtained using the same techniques as for 
the one-soliton solutions. In some special cases, even n-soliton solutions of that type can 
be constructed. In [^j those types of solutions were constructed for the abelian affine Toda 
using the Hirota's method. 



r2-«°i- {x+ , x„) = 



8.1 Hirota's r- functions 

The concept of Hirota's r-function is a practical one, in the sense that it just provides a 



method of constructing solutions Sometimes, the definition of the r-function can be 

given more formally depending upon the level of understanding of the structures of the 
model. However, from the pragmatic point of view of constructing solutions, one can say 
that it corresponds to a redefinition of the fields of the model such that the equations of 
motion acquire a form that can be solved exactly by a formal perturbation expansion. For 
some special classes of solutions, the perturbation procedure gives the exact solution because 
the expansion truncates at a finite order. In the abelian affine Toda models, the Hirota's 
r-functions were used to construct the soliton solutions 0, ||; but their definition was 
guided basically by the structure of the equations of motion and the results known for the 
corresponding one-dimensional version of that models. 

An important consequence of the results obtained from the dressing transformation 
method and the definition ( ^.1|) is that, now, we are able to introduce Hirota's r-functions for 
any non-abelian affine Toda model. As we will see in the examples, the Hirota's r-functions 
for such models correspond to some components of the r-function Tg ( p.l|) which provide a 
convenient parameterization of the b fields. However, since the gauge symmetry ( [5. 191 ) was 



fixed in the definition (|8.1|) , there will not be Hirota's r-functions associated to the gauge 



fixed degrees of freedom. Roughly speaking, the Hirota's r-functions have the form 

T. = {v\ r, (8.18) 
where a number of states of the representation | v) is suitably chosen such that the r^'s 



parameterize all the fields. In some cases, like the principal gradation discussed in section |l0 
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a given r„ may depend on more than one field and so it has to be spht into components by 
considering one parameter subspaces on the orbit defined by Tg. Nevertheless, it is always 
clear which components are needed to describe the fields of the model. 

The truncation of the Hirota's expansion occurs if, for instance, in the case of the one- 
soliton solutions, there exists a positive integer A^^, such that the generator F, given in (|8.12| ), 
satisfies 

I F" I As) = 0; for n > A^^ (8.19) 

Then, from( prT^ ), the corresponding Hirota's r-function for the one-soliton solution truncate 

r. = r(°) + r(i) + r^^) . . . + ri^^) (8.20) 

where 

r(") = le"^(^-^*)(t; I F" I AJ (8.21) 
n! 

This generalizes the case of the level-one representations of affine simply-laced algebras where 
F is just a nilpotent vertex operator. 

9 The Soliton masses 

The canonical energy-momentum tensor for the G-CAT model action (|5.1|) is given by 
Q,, = K (-- Tr (d^Bd.B-^) + \g^, Tr (dpBdPB-') - g^, Tr (AiB-'A_iB)) (9.1) 



e;: = -2KTr(A,fi-iA_,5) (9.2) 



4 

and it is not traceless 



However, when the gradation ( |2.13|) is performed by a grading operator Qg, can be 
improved by adding the term 

Sf^u = ^ {Qs {d^ {B-'d,B) - g,,dp (b-^O'^b))) (9.3) 
Due to the fact B commutes with Qs, such quantity is symmetric and it is trivially conserved 

d^S^, = (9.4) 

In addition, we have 

5'/: = 1^ Tr {Q,d, [b-^O^b]) = 2k Tr (AiB'^A^iB) (9.5) 

where we have used the equations of motion ( |2.27| ), = x ± t, and again the fact that B 
commutes with Q^. Therefore, the improved energy- momentum tensor 

T^, = e^, + S^, (9.6) 

is conserved, symmetric and traceless. 
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The energy-momentum tensor of the G-AT models, defined by the equations ( ^.24| ), has 
a simple relation with the above tensor. Using the parameterization (p.l6|) of B one has 



B-'dB \r,=o= B^'dBo + du C (9.7) 



Moreover, 



= K (-J Tr [d^Bod.B,') + Tr [d,Bod''B^') - g^, Tr [e'^ AiB^'A^iB 



and 



+1^ {d^u d^T] + d^T] d^v - g^^ dpV 8^7])^ , (9.8) 

K N 

V = [d^d, V - g,udpd' v) . (9.9) 

Then, one can easily verify that the canonical energy-momentum tensor for the G-AT models 
is = Qpu |r?=o and, so, 

7^ I _ oG-AT _|_ o I 

pLV |r;=0 ^ fj,v ' '-'niy \r]=0 

= ©M^-''^ - ^ Tr (g, {d, {B.'d^Bo) - 9,udp {B.'d^Bo 

= - ^ id,d. ^ - g.udpd" v) (9.10) 

where we have introduce the notation Bq = Bqc^^ . 

Now, following the reasoning of 0, suppose that we have a soliton like solution of the 
G-CAT model that can be put at rest in some Lorentz frame. Then the energy of such 
classical solution should be interpreted as the mass of the soliton. But since the theory is 
conformally invariant, it has no mass scale and therefore the soliton mass should vanish. If 
the solution is such that the r] field vanishes then it is also a solution of the G-AT model; this 
theory is not conformally invariant and, therefore, the soliton mass evaluated with the G-AT 
energy-momentum tensor does not vanish. Using (|9.10| ) one observes that the contribution 



to the soliton mass comes from a surface term. So, the soliton mass M is then 



Mv 



2 



dx 6]^Q 



G-AT 



^ Tr (Q.5-^5,So) |— ^= ^ d, V I— ^ (9.11) 



where v is the soliton velocity (c = 1). 

Next, using the explicit description of the integer gradations summarized in appendix B, 
we show that the trace in ( |9.11 ) can be expressed as an expectation value in a given repre- 



sentation. For an integral gradation ( p.ll|) , the generators of B^ are the Cartan subalgebra 
generators a = 1, 2, ... r, the central term C and the step operators E'^ whose grade is 
zero. So, we can write generically 

r 

Bo^dtBo = VaH^ + yoC + terms in the direction of (9.12) 

a=l 
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From (|B:7D-(ra 



Tr (Q^B.'dtBo) = J2 —Va^a + yoJ2^i ■ (9-13) 



a=l "a i=0 



Consider now the highest weight state | As' ) of an integrable representation of Q satisfying 
( PT70 -( p:^ ). Then we have 

(As' I B,%B, I As' ) = E Vas'a + ^yo E s^/f (9.14) 

a=l ^ i=Q 

Therefore if we consider two different gradations s and s' such that[| 

s' = — for all i = 0, . . . ,r (9.15) 

then one gets 

Mil K 

^^ = ^^{X.\B,%Bo\X,)\:z-^ (9.16) 

Notice that the subalgebras Qo and Qq of zero grade with respect to the gradations s and s', 
respectively, are equal. Therefore, | As' ) is an eigenstate of Bq, and so 

Ml! K 

''-9,ln(As'|So^MAs')|^=^oo (9.17) 



oo 

— oo' 



From ( pJ[5|) and (|1§ one has, 9* ln(As' | B^^ \ As' ) \^^Z-oc= dtH^s' I \ As' ) \Z 
As we have seen in (|8.13|) , the soliton solutions correspond, in ( [r.26| ), to the choices hi = 
hji = 1 and g = with F being an eigenvector of E±i. So, from ( [7. 26] ), ( |8.12| ) and ( |8.15| ) 
it follows that 



(As' 


e7(^ 


-''*)Fexp(e^(^-"*)F) 


As') 


(As' 


exp(e')'(^-''*)F) 


As') 



ipn (As'|exp(e7(-''*)F)|As') '"=-°° ^ ' 
If there exists a positive integer A^^iax. such that F satisfies 

( As' I F^— ■ I As' ) 7^ ; for iV^^,. > (9.19) 

and also 

( As' I I As' ) = ; forn > iV;^,. (9.20) 

then, for 7 > only the upper limit in ( ^.18| ) contributes, and if 7 < only the lower one, 
so 

M = n^ |7|v^r^=«:^%^v/=^ (9.21) 



where we used (|8.15| ). 



^Let us mention that these two gradations are equal, s = s', if either the algebra Q is simply laced, or 
Si ^ Q only if is a long root of Q. 
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Eq. ( |9.21 ) generalizes to the G-CAT models the mass formula obtained in for the 



solitons in the abelian Affine Toda models. However, a detailed analysis of each particular 
G-CAT model has to be done to ensure the physical significance of ( |9.21| ). The basic point 
of that analysis is to establish that the eigenvalues of E±i, namely uj±i, are such that 7 and 
V are real. 

Notice that if we had taken in ( [7. 61) , f] = rjo = constant, then Ei would get multiplied by 
the factor f^, introduced in (|6.1CI| ). Therefore the eigenvalue ivi, and consequently the soliton 
masses, would also get multiplied by the same factor. This is an evidence that the Higgs like 
mechanism discussed at the end of section ^ is also working in the generation of the soliton 
masses. 

The mass formulas for the fundamental particles ( |6.9|) and for the one-soliton solu- 
tions ( |9.21D indicate a very deep structure in such models, which is still to be understood. 



They might indicate a sort of duality similar to the electromagnetic duality conjectured 
by Montonen and Olive p5| in four dimensional gauge theories involving the interplay of 



monopoles and gauge particles. In fact, the use of the gradation s' defined in ( p.l5| ), which 
is a technical artifact here to calculate the soliton masses, is an indication of the inter- 
play between the algebra Q and its dual — roots interchanged by co-roots — similar to 
the electromagnetic duality. Some results concerning duality in Toda models were recently 
investigated in [^, 

Since F is an eigenvector of E^-i then it is obviously an eigenvector of [E^i , [Ei , •]]. So, 
expanding it in eigenvectors of the grading operator Qs 

F = Y, F^""^ ; [Qs , i^^"^] = (9.22) 

n 

we observe that each component satisfies 

[E.i , [El , = uoiu^iF^'^^ (9.23) 

Therefore if the zero mode F*^") is non- vanishing, we have a generator of Qq with eingenvalue 
A = oJiUJ^i and so, from ( |6.9D a fundamental particle of mass m? = —Auoiuo^i. So, for each 
F with non-vanishing zero mode we can put in correspondence a soliton and a fundamental 
particle with the masses satisfying 

mpart. = - M,oi. (9.24) 

^ max. 

Obviously any two masses can be related by a proportionality constant. However, in the 
case of the abelian affine Toda models [^, ^, the integers N'^^^ for each species of particles 
and solitons, are such that the particle and soliton masses are proportional to the right and 
left Perron-Frobenius vectors respectively. This is what indicates the existence of a duality 
symmetry in the abelian affine Toda models. There remains to establish the types of non- 
abelian affine Toda models that present a similar relation. In any case, it is a remarkable 
fact that the soliton and particle masses are both determined by the eigenvalues of E±i in 
any one of these models. 
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10 Examples 



Here, we work out in detail some aspects of the G-CAT models associated to the principal 
and to the homogeneous gradation of Q, in which the dimension of Qq is minimal and maxi- 
mal, respectively. For the principal gradation, we recover the abelian CAT model of |]^, 0, 
and we show that the Hirota's r-functions defined in P, |3l| easily follow from the systematic 



approach of section ^ For the homogeneous gradation, we construct the one-soliton solu- 
tions when the finite Lie algebra Q is either compact or non-compact; in the former case, the 
resulting model has very suggestive features. 

10.1 Principal gradation 

The principal gradation of Q is defined by Sj = 1, i = 0, l,2...r (see ( p.l2|) ). The 
highest weight state in the definition of the r-function (|8.1| ) is given by ( [B.24|) , i.e., 

r 

I Appal) = (g) I ) (10.1) 

i=0 

From ( p.l8|) we get 

hi I Appal) =1 Appal) ; z = 0, 1, . . . r (10.2) 

For the principal gradation the subalgebra Qq is generated by hi and D. So, we parame- 
terize the group element b, in ( ^.1|) as 

b = exp h,^ (10.3) 



In this case the zero mode Tppj^j ( |8.6| ) of the r-function depends on all b fields. From ( |8.8| ) 
and (jlOj) 

4ti = b-' I Appal) = e-^-o^' I Appal) (10.4) 
We then define the Hirota's r-functions, in this 

n = (Appal I e-^''^' I Appal) = (A. I I A,) = e~^' (10.5) 



and so 

if' = -Inn z = 0,l,2,...r (10.6) 

Therefore, the Hirota's r-functions correspond to the components, in the tensor product 
space of the representation, of t^^^. If we had parameterized b as 

b = exp(^j2rH'^ + uC^ (10.7) 

we would get, since u = -^'■p^ and 0" = — /^v'"; that 

i. = -^lnro; = - In ; a = l,2,...r (10.8) 
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This is exactly the definition of r-function used in to construct the sohton solutions of 
the abelian affine Toda models by the Hirota method (except for some terms associated to 
the fact that, in 0, the element h^e^^'^ was not factorized as in ( |5.15| )). 
For the case I = 1 one can take A±i in ( p.22|) - (p.23|) to be 



1=0 i=0 



for some constants Qi and g^. The element bo in ( |5.11| ) can be taken as 



bo = e^-^°+P^ ; such that b^^CibT.^ = (10.10) 

mi 



with given in ( |B.22| ), and so 



El = 6oAi6o"^ = ^ ^e, ; E-i = A_i (10.11) 

i=0 ^« 



satisfies 

[Ei,E_i] = -|c (10.12) 

The symmetry groups given in ( ^.19|) , namely hj^ and /i/j, are trivial in this case, z.e., they are 
exponentiations of the central term C . On the other hand, in the purely imaginary coupling 
constant regime, the transformations ( |5.20 ) are responsible for the infinitely degenerate vacua 



leading to the topological soliton solutions. 

Therefore from ( |5.16| ) one gets the equations of motion for the abelian Conformal Affine 
Toda (CAT) models 

= -ll(e^-^^' -e^^^'^')e'^ (10.13) 
d^d.ri = (10.14) 

d+d^u = ^(l-e^o^'^'e'') (10.15) 

and so 0° = ?7 = = is a vacuum solution. 

The soliton solutions and integrability properties of those models were extensively dis- 
cussed in the literature P, ||, ||, ^ and we do not describe them here. 



If one takes / > 1 one obtains different models. However, for the principal gradation, 
and for any gradation where all Sj's are non- vanishing, the subalgebra Qq is generated by 
hi, i = 0,l,2...r, and Qs- Therefore, the generators of grade I are step operators which 
corresponding opposite root step operators have grade — /. Then, the difference of two roots 
of grade / is never a root. In this sense, the roots of grade / behave like a set of simple 
roots for some subalgebra of Q, not necessarily simple. So, this indicates that by considering 
models with / > 1 for gradations where all Sj's are non-vanishing one is going to get abelian 
Toda models (affine or not) for different subalgebras of Q. 
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10.2 Homogeneous Gradation 

In this case all Sj's vanish except sq which equals one. So, the grading operator is just D 

Qhom. = D (10.16) 

The subalgebra Qo is generated by H^, a = 1,2, .. .r, E'j.^, D and C, i.e., it is the simple 
algebra Q in addition to D and C. There is a great variety of choices for E±i, but here we 
will consider those that can be rotated into the if^' subspace. So, we take 

Ei = j2QaK^q-H'; E_, = j2qa H'^ ^ q ■ H'^ (10.17) 

a=l a=l 

Therefore from ( |B.1D and ( |5.12| ) we have 



(3 = 1 ^ qay]abqb = lq- q (10.18) 



a, 6=1 



The eigensubspaces Qn of Qhom. are all copies of the adjoint representation of Qq, and 
therefore one does not expect the properties of the model to change by varying /. For 
instance, for any /, the symmetry groups of the model given in ( |5.19D , are the same and 
equal to the Cartan subgroup of Qq, i.e., 

and h^i = exponentiations of for a = 1, 2, ... r; (10.19) 

this in agreement with the comments below eq. { f).'i\) . Notice that if q and/or q are orthogonal 
to some root a, then the corresponding step operators E^^ are also generators of hji and/or 
h^. According to the discussion of section |^ the model has at least rank-^+1 massless 
particles (depending upon the choice of q and q). In fact, the diagonalization of the operator 
in (|67^) is quite simple (see (|B.l|) -( p^ )) 

[E^i,[Ei,C]] = (10.20) 
[E_i,[Ei,H'J] = (10.21) 
[E^i,[Ei,EiJ] = {q-a){q-a)El^ (10.22) 

So, there is a mass degeneracy associated to each pair of roots ±a. In order to have non- 
negative masses one has, from ( |6.9|) , to take both q and (— g) (or equivalently (— g) and 



q)) lying in the Fundamental Weyl chamber I^H]. However, such statement is misleading 



Going back to the Klein-Gordon equation (|6.5|) , one notices that the trace form multiplies 
the mass and the kinetic terms of the corresponding Lagrangian. Therefore if the trace form 
restricted to Qo (more properly, to ^q) is not positive definite, we have a model where the 
energy is not bounded below. However, as we pointed out in sections ^ and ^, we can always 
choose the real form of the Kac-Moody algebra Q such that the trace form restricted to Qq is 
positive definite. In the case of the homogeneous gradation we can take Qq to be generated 
by H^, El + E\, and i (e^ - E^_^), in addition to C and D. So, from (|R3)-(^) the 
trace form is positive definite except for the subspace generated by C and D. However, 
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since we are considering the model with the conformal symmetry spontaneously broken by 
V = Vo = const, (see (|6.10|) ), one gets that the field in the direction of the central term does 
not contribute to the energy, since it is orthogonal to itself and to all remaining generators, 
see ( |5.3| ). Therefore we have a theory with masses and energies real and non-negative. 
We have rank-^+1 massless particles and a number of massive particles equal to twice the 
number of positive roots and masses given by (see (|6.9|)) 



-4 (q-a) {q-a)] 



for any positive root a oi Q 



;i0.23) 



with q and {—q) being arbitrary vectors lying in the Fundamental Weyl chamber. 
The highest weight state | Ag) in this case is given by (see ( p. 24]) ) 

I Ahom.) =1 Aq) 

with Ao given by ( |B.25|) . So, we have the scalar representation of Qq. 
We parameterize the group element b introduced in ( ^.15| ) as 



(10.24) 



Then, from and ( |B:27|) we get 



(0) 
horn. 



or 



r, 



(0) 
hom. 



e-" I Ao) 



;i0.25) 



;i0.26) 



Therefore, t^^^ is not sufficient to parameterize the 6-fields. In order to do that we need to 
consider more components of the r-function. 
We write the quantity t^^'^ defined in ( [7.9]) as 



o>0 



a 
2" 



i-i) 



;i0.27) 



Substituting that in (|7]2D, and using ([T0T7|) , (|T0]2|) and (|R7D-(p:^) we get (fixing the 
gauge by /i/j = 1) 



Tiib-^dJ)H^„ 



1,2,. ..r 



(10.28) 

(10.29) 
(10.30) 
(10.31) 

We shall restrict ourselves to the solutions of the type described in ( |7.27| ). Therefore, 

(10.32) 



Tr (b-'d+b {El + E° J 
Tr(ri9+6(E°-E°JA 



; a 

A-i) 



from dU) and ( CT) , 
and 



hom 



0; < s < Z 

^hom — e I I Ao/ 



10.33) 
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Following ( ^.18 ), we then define the Hirota r-functions as 



To 


= (Ao 


^hom 


= e-" 


V(l) 


= (Ao 




f -E-Q)T"hom = - 


V{2) 


= (Ao 




- A) Thorn 



(1)^0 



(10.34) 
(10.35) 

(10.36) 



for every positive root a. 

Notice there are no Hirota r-functions associated to the 6-fields in the direction of the 
Cartan subalgebra generators if^. The reason is that we have gauge fixed the symmetry of 
the model by setting in ( [LO-lli ), hi = = 1. Indeed from ( |10.29 ), we see that 6^^(9+6 has 
no component in the direction of the Cartan subalgebra. 

The relation between the Hirota r-functions and the fields of the model can be extracted 
from ( p.0.34| )-( p.0.36| ) and ( |10.28| )-( |10.31| ). In this case, such relations involve derivatives of 
the fields. The Hirota equations can them be obtained from the equations of motion for the 
fields. However we do not have to solve such Hirota equations, because the solutions have 
already been constructed by the dressing transformation method. In order to obtain the 
soliton solutions, we choose the constant group element g in ( |7.26| ) as in flS.l^ 



10.2.1 Non-compact solitons 

As we have seen in section ^ the one-soliton solutions are associated to the eigenvectors of 
E±i. In this case we have that 



FLiC) 



EC- 



1,2,. ..r; 



k 



1,2,. ..I 



-nl rpp+nl . 



P 



0, 1,2,.../-1 



are eigenvectors of E±i, given in ( |10.171 ) 

[E±i,F^{C)] 
[Ei^FUO] 
[E-i,FUO] 



; for ^ 
±C\q-a)FUO 



where C is a complex parameter. 



Notice that if we take A; = in ( 10.37 ) we do not get zero eigenvectors, since 



[i^/,i^°(C)] = /C'^""'^ 



c- 



[E-i,F'SO] = -lC'^-^C 



at 



(10.37) 
(10.38) 



(10.39) 
(10.40) 
(10.41) 



10.42) 



One could choose q and q to be orthogonal to all simple roots except one, by taking them 
to lie in the direction of one of the fundamental weights. Therefore one could have rank-^— 1 
eigenvectors of type with zero eigenvalue. 

However the F's with zero eigenvalue lead to constant solutions in ( |8.14|) , since from 
( ^.15| ) we get that 7 = 0. Therefore, there are no one-soliton solutions associated to F^ 
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given in ( |10.371 ). As we have commented on the paragraph below ( [7. 271 ), we can not take F 
8.13|) as one of the F^^ for p 7^ 0, given in (|10.38|) , because ( |10.32| ) will not be satisfied. 



m 



So, we will construct for each a one-soliton solution. 

Therefore from (|lD, (|87[5|) , ( [TalOD , ([lMl|) and ([T031) - ([T036|) we get two one-soliton 
solutions for each positive root a, with the Hirota's r-functions given by 



T, 



_l—soLa 







r. 



1—soLa 



r 



",(1) 
1—soLa 



~~2 



a 



,-ya{x-Vat) 



T, 



",(2) 
l—soLa 



lie 



1IP 

1_ pla{x-Vat) 



/3,(1) 



l~sol,a 



for g in (|8.13|) , given by 

gi-sol,a{C,) 

and the parameters of the solitons being 



; for 7^ a 



7a(C) = (gC'-grO-«; ^a(C) 



[qC -qC ■ a 



(10.43) 
(10.44) 

(10.45) 
(10.46) 

(10.47) 
(10.48) 



Notice that, for ( real, we have | fa |< 1, since {q ■ a){q ■ a) < for a > (g and (— g) 
belong to the Fundamental Weyl chamber). The corresponding solution for the 6- fields can 
be obtained from ([T0:^ -( [nOTD and (|Tui|)-(|TU;^), giving (z/ = 0, see ( PIT^ )) 



soLa 



exp (^-e^"(^-''"*) E° 



(10.49) 



Therefore, such one-soliton solution leads to an element of the non-compact real form of the 
group, as it "excites" only the field in the direction of E^. 
In addition, for g in ( p.l3| ), given by 



we have 



l—soL—a 
^0 



r. 



l—soL—a 



",{1) 
I— sol,— a 



r, 



a,(2) 
1—soL—a 



-ilC 



1— so/,— a 



where 



7-.(c) = -{qC - qr) 



a 



0; 



V-aiC) 



ioT [3 ^ a 

{qC + qC 



a 



a 



(10.50) 

(10.51) 
(10.52) 

(10.53) 
(10.54) 

(10.55) 



{qC - qC-') 

Again, we have | V-a \< 1 for C, real and (g ■ a){q ■ a) < 0. Notice that for a given C,, the 
one-soliton solutions associated to F^{() and F^^{() have the same velocity but opposite 
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width parameter 7 (see ( 10.48| ) and ( |10.55| )). The corresponding solution for the 6-fields is 
similarly obtained from ([To:28|) - ([T031 and ([10:3l) - ([To:36D , giving {u = 0, see (|To:25| )) 



61- 



sol, —a 



exp 



(-< 



;i0.56) 



One can easily verify that ( |10.49| ) and ( |10.56| ) are indeed solutions, by substituting them 
directly into ( ^.16|) . 

All these one-soliton solutions have vanishing masses. The reason is that, from ( |9.11| ), 
one observes that, only the component of B^^dtBQ in the direction of the central term C 
contributes to the mass, since Q = D in this case. But, from ( |5.15| ), ( p.0.25| ) ( |5.14| ), ( |10.43| ) 
and (|TU3T|) that contribution is dt{vQ + ^v)C ~ tC, and so, Ti (Q BQ^dtB^%Z'^^= 0. 
Another way of getting that is to use ( p.l8| ) and the fact that the expectation value of any 
non- vanishing positive power of F^^[C,), in the highest weight state | Aq), is zero. Therefore, 
although we can put the one-soliton solutions in one to one correspondence with the massive 
fundamental particles, through the eigenvalues of E±i, we do not have in this case, the 
proportionality of the masses as discussed in (|9.24| ) (A^max. =0)- the G-CAT model we 
do have massless solitons travelling with velocity | f |< 1. That is because the conformal 
symmetry does not allow a mass scale. It would be interesting to understand from a physical 
point of view why the above solitons are massless. 

As we have said, the one-soliton solutions associated to the eigenvectors F^^^ for p 7^ 
can not be obtained by the above procedure due to the choice ( |1 0.321 ) we have made (see 
( [r.27| )). However, one does not expect them to correspond to new soliton solutions. The 
reason is that they do not exist in the case / = 1, and the equations of motion do not change 
considerably by changing I, as commented below eq.( |5.3| ). As we pointed out above, the 
subspaces Qn are copies of the adjoint representation of and the only equation of motion 
dependent on / (for 77 = 0) is that for the v field. In addition, the eigenvectors F^^"' can be 
obtained from by 



±a\ 1 



P 



1,2,.../- 1 



10.57) 



and 



■HP 



lies in the centralizer of E±i. This is in fact some sort of symmetry of the model. 



If T is an eigenvector of E±i, [E±i , T] = A±T, and if L lies in the centralizer of E±i, then 
[L , T] is also an eigenvector of E±i with the same eigenvalue. 



10.2.2 Compact solitons 

The one-soliton solutions for the compact real form of the group can be directly constructed 
in terms of the fields. Introducing the generators 

Ti(a) = \{E^ + E.^) ; T2(a) = ^ (E^ - F_„) , (10.58) 
one can easily verify that the group elements 

5O) ^ ^i^T.ia) ^uC. J = 1,2 (10.59) 
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are solutions of the equations of motion ( |5.16| ), ioi rj = and E±i given by ( |10.17| ), if the 
fields (fi and u satisfy = —jd"^ = —j{df — dl)) 



4 

d"^^ = -m^siny? (10.60) 



5V = — ^m2(cos^-l) (10.61) 



where m\ is given in ( |10.23| ). 

Therefore, for every solution of the Sine-Gordon model we get two solutions, correspond- 
ing to 6*^^-* and fe^-* given in ( |10.59| ), of the G-AT model associated to the homogeneous 
gradation. The structure of these models is such that each SU{2) subgroup associated to a 
positive root a can be considered independently. 

We then have topological solitons, and the infinitely many vacua are associated to the 
invariance of the model under the transformations 

h 6e2^^"^^(") ; b e^^^"^^^") b (10.62) 

since the generators (|10.17|) satisfy 

^2^inT,(a) ^-2^tnT,{a) ^ (10.63) 

Since we are working with the compact real form and b is parameterized as in ( |6.1|) , ( |1 0.641) 
implies a real transformation on the fields of the model. 

The operators (|10.17|) are also certainly invariant under the transformations ( ^.20|) , which 
imply the fields transform as 

with /i^ a co-weight and n and integer. However, these are not relevant here, because the 
solutions we are considering do not possess fields in the direction of the Cartan subalgebra 
(except for i/); those have been gauge fixed by setting Kl = ha = 1 in ( |10.19|) . 

In order to evaluate the masses of the solutions (|10.59|) which can be put at rest in some 
Lorentz frame, we use the formula (|9.11|) . Since the grading operator in this case is just 
and that is orthogonal to all generators except C, we get (see ( ^.15| )) 

^d,{u + u,) I— ^= \T=-^ (10.65) 



where we have used the fact that vq — (see ( ^.14]) ). 
The one-soliton solution of the Sine-Gordon model is 



V^i-soi = -4eo arctanexp I I (10.66) 



where eo is the topological charge and Xq the initial position of the soliton. For the funda- 
mental solitons, where eo = ±1, one gets from ( |10.61| ), ( |10.65| ) and ( |10.66| ) that the soliton 
masses are given by 

M^°'- = mP^'^- (10.67) 
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where m^^"^^' is given in ( |10.23 ), and k is the overall factor in the action ( ^.11 ). 

Therefore for each positive root a we have two fundamental particles with the same mass 
m^,'^'"*', and two one-soliton solutions, corresponding to b^^^ and fe*-^-* given by ( |10.59| ) and 
(p being the one-soliton of the S-G model, with equal masses M^°^\ The relation between 
soliton and particle masses is given simply by ( |10.67D . That is a remarkable relation. Like 
in the abelian affine Toda models, it indicates the existence of a duality transformation that 
interchanges the roles of particles and solitons. In addition, the factor ^ also indicates the 
corresponding interchange of the algebra and its dual. 

The one-soliton solutions of this model have a very simple structure. For each generator 
Tj{a), (j = 1,2), we have Sine-Gordon solitons excited independently. However, if one- 
solitons of different Sine-Gordon models are excited, they interact in a non-trivial way. The 
investigation of this last point, which is in progress, is of great interest because such model 
describes an integrable interaction of Sine- Gordon solitons. 



11 Conclusions and discussion 

We have constructed the Generalized Conformal Affine Toda models (G-CAT), and 
studied the most salient aspects of their structure. Along the text, we have remarked that 
most of these properties can be viewed as the generalization of similar features of the Abelian 
Conformal and of the Non-Abelian Affine Toda models. In our opinion, one of the most 
important points is that the Non-Abelian Affine Toda models can be understood as the 
result of the spontaneous breakdown of the conformal symmetry of the G-CAT models. 
Consequently, the masses of the solitons of the Affine Toda models are generated by a Higgs- 
like mechanism. Even more, this approach allows one to put in one-to-one correspondence 
the massive fundamental particles of the model with its one-soliton solutions; a relation 
which we expect to be relevant when quantizing these theories. 

To study these G-CAT models, we have used different well known methods in the field of 
the integrable non-linear systems, and we have clarified the connection between all of them. 
Namely, in constructing the general solutions of the model, we have used and, when needed, 
we have suitably generalized the Leznov-Saveliev method for zero-curvature equations 0, 
H, the dressing-transformation approach |^ [l^, |l9l, and we have also defined the 



appropriated r-functions ^ The result is a systematic procedure for constructing 
the one-soliton solutions and an explicit formula for their masses. 

Among the directions in which our work can be developed further, we point out the 
following. First, as we have seen in section |^, some of the left and right translations on the 
two-loop WZNW model remain as symmetries of the G-CAT model. However, as it happens 
in the abelian case, those which do not survive are twisted by the reduction procedure 
and should give rise to non- linear symmetries, i.e., to W algebras. This has already been 



investigated in the abelian CAT models |^. They have only two chiral remaining 



Kac-Moody currents in each chiral sector that, in fact, can be used to construct infinite 
W algebras; the other symmetries do not lead to chiral currents but to chiral charges [Q. 
Moreover, it would be interesting to investigate if some of the generators of the two-loop 
Virasoro algebra constructed in section ^ remain as symmetries of the G-CAT model. 
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Second, a systematic study of the different G-CAT models according to their specific 
properties has to be made. In particular, from the point of view of their eventual quanti- 
zation, it would be particularly important to distinguish those models whose kinetic term 
is positive-definite, and whose action is real. Results in this direction have recently been 
presented in |^9|, and, concerning the first point, we have made some comments in sections H 
and ^ In section ^ we have also pointed out that a family of models admitting static solu- 
tions correspond to the choice of E^-i as elements of some Heisenberg subalgebra of Q. Then, 



the available classification of the Heisenberg subalgebras of an affine Kac-Moody algebra |30 



can be used to construct a large number of particular models whose specific properties should 
be analysed. 

Third, concerning the soliton solutions, their topological character should be investigated 
to establish in which topological charge can be defined and also to understand its 

spectrum. 

Finally, let us mention that the most interesting development to be made is the construc- 
tion of the quantum theory of these models, which is expected to be integrable for a wide 
class of them. Then, it should be possible to construct an exact factorizable S-matrix and 
to compare the states of the resulting quantum theory with the solitons of the classical one. 
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A Appendix: The Two-Loop Virasoro algebra 



The Sugawara construction for the two- loop Kac-Moody algebra (|2.6| )- (|2.9| ) can be used 
to obtain an algebra much bigger than the Virasoro algebra. In order to do that we impose 
periodic boundary conditions on the currents. Namely, we take the space variable x being 



on a unit circle, and require the currents to satisfy, J^(x + 27r) = 



[X 



.X 



and J^{x + 27r 
currents by [O 



J^{x). Since J^{x) commutes with J^{x) we can define a new set of 



J-(x) = Jr{x)exp 




(A.l) 



where C„ are the modes of J^ix), i.e., 



oo 

E 



C„,e 



(A.2) 



The zero mode Co is not included in the transformation ( |A.1| ) in order to respect the pe 



riodicity properties of J^{x). Notice that the transformation ( |A.1|) is defined on a given 
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representation and not on the abstract algebra. Using (with the redefinitions 

fab ~^ ^fab ^"^^ k ^ ik) one obtains [|13| 



[J:\x) , J^y)] = ^ Jr+"(x)5(x -y)+ gab6^^,^n {^ kdj{x - y) + mCo6{x - y)) (A.3) 
[DoJri^)] = mJTix) (A.4) 
[D„,Jr(a;)] = n^O (A.5) 

where are the modes of J^{x), i.e., J^{x) = J2'^=-oo^nG~^"'^- ^^e operator mea- 

suring the "momenta" m in an usual KM algebra Formulae (|2.6|) - (|2.8|) show that the 
J'-'-J^ system is decoupled from the J's. Cq commutes with all the operators, i.e., acts like 
a second central extension in the algebra of J's. 
Following the Sugawara construction we define 

-| dim 5 oo 
^ a, 6=1 71=— oo 



Using ( |A.3| ) one can check that 

[Cm{x) , Cn{y)] = i k {2Crn+n{y)S'{x - y) - {dyCrn+n{y))S{x - y)) 

+ Co (m - 5 (x - y) (A. 7) 

In addition, under Cm{x) the currents transform as 

[Cm{x) , J:{y)] = I k {jr-iy)S'{x -y)-dy Six - y)) 

- nC,JT^-{y)5{x~y) (A.8) 

Since the currents satisfy periodic boundary conditions, so does Cm{x). We then 

expand it in modes as 

oo 

7Tt2=— oo 

Using (|A.7| ) one gets 

[^^(mi,m2) , -^(Tii.na)] = (^0 ("^1 - Ui) + k - ^2)) C(^rm+num2+n2) (A. 10) 

where we have expanded the delta function as S{x — y) = ZlJJL-oo e"*"'^^"^-'. 

If the central terms Cq and k are rational numbers, then one can always eliminate one of 
them from the above relation by a redefinition of the integer labels of C(rni,m2)- We introduce 
the sZ(2, 2) transformation 

f = M f -0 (A.ii) 

where M = ^ ^; with a, h, c, d & and detM = 1. The last condition is needed in 
order to make the transformation one to one. We then define the new generators 

Z(mi,m2) = -^(m'^.m^) (A. 12) 
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From (|7rTD| ) and ( [7011 ) we get 



[l(rm,m2) 1 ^(ni.na)] = (Cq ("^1 ~ '^O + ^' ("^2 " "^2)) ^(mi+ni,m2+n2) 



(A.13) 



where 

{C'^k') = {Cak) M (A. 14) 

Now, if the central terms are rational, let us say Cq = p/q and k = p/q, then we can choose 
a = qp and c = —pq, and 6 and c such that dqp + 6pg = 1, which always has a solution. 
Therefore we get Cq = and k' = l/qq. 

Expanding the currents J^{x) in x, and making similar redefinitions in the pair of indices 
of its modes one can eliminate one of the central terms in ( |A.3|) . 

When the finite Lie algebra associated to the structure constants /^j, is compact, then it 
can be shown [|l^ that for unitary, highest weight representations for the currents J^{x) the 
central terms k and Cq have to be integers |T^. In such a case the elimination procedure 
above works. The reduction procedure discussed in section ^ uses the Gauss decomposition. 
Therefore the two- loop Kac- Moody algebra ( p.6|) -( ^^ has to be based on a finite simple 
non-compact Lie algebra. In such cases k and Cq are not necessarily integers and can in 
principle assume any value (even complex). 



B Appendix: Affine Kac-Moody algebras 

In the Chevalley basis, the commutation relations for an untwisted affine Kac-Moody 
algebra Q are 

[i/r,^^] = mCr]abSm+n,0 (B.l) 

[HT,K] = j:<K,^K^- (B-2) 

b=l 

[^r,^-J = E/^i^r^ + ^^C^Wo (B.3) 

a=l ^ 

[E^ , E^] = (q+l) e(«, f3) ; if a + /5 is a root (B.4) 

= mE- (B.5) 

[D,HT] = tuH:^ (B.6) 

where Kab = 2aa ■ otb/oti is the Cartan matrix of the finite simple Lie algebra Q associated 
to Q and generated by E^}. rjab = -\ Kab = Vba, q is the highest positive integer such 
that /5 — ga is a root, e{a,(3) are signs determined by the Jacobi identities, and are 
the integers in the expansions a/a^ = YZ.=i C c^a/cta = Sa=i ^a-, and cti, . . . , 

are the simple roots of ^ (r = rank Q\ Q has a symmetric non-degenerate bilinear form of 
Q which can be normalized as 

TriHTH^) = Vab5m+n,0 (B.7) 

2 

Ti (CD) = 1 (B.9) 
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The integral gradations of Q 

G = ^Qn (B.IO) 
nG2 



have been classified in ||2^, |28|; the result is that every integer gradation with finite dimen- 
sional Qo is conjugate to a gradation defined by a grading operator satisfying 

[Qs,Qn]=ngn] riGZ, (B.ll) 

and defined by 

Q, = H, + N,D + aC, = ^a^l ■ H\ (B.12) 

a=l 

where (sq, Si, ■ ■ ■ , Sr) is a vector of non-negative relatively prime integers, and = 2Aa/a^ 
with Aq and being the fundamental weights and simple roots of Q respectively. Moreover, 

■r r 

N, = Y.s,mt, ij = Y.mtaa, mt = l (B.13) 

1=0 a=l 

with ip being the maximal root of Q\ obviously, the value of a is arbitrary, but we shall make 
the standard choice a = —Tr{H^)/{2Ns), which ensures that Tr{Ql) = 0. Two gradations 
are equivalent if the corresponding vectors (sq, Si, ■ ■ ■ , Sr) and (sq, s[, ■ ■ ■ s^) are related by a 
symmetry of the extended Dynkin diagram of Q. Therefore we have 

[Qs,H:] = uN^H: (B.14) 

[Qs,E2] = (j2maSa + nN,^ E2 (B.15) 

The positive and negative simple root step operators of Q are = E^^, cq = -El^ and fa = 
E-aa^ /o = E^^, and its Cartan subalgebra generators ha = H^, Hq = — J2a=i ^t^a + C, 
and D, with if given in ( |B.22D p|; then, they satisfy 

[Qs, hi] = [Qs, D] = ; [Qs , Ci] = SiCi ; [Qs , fi] = Si fi ; z = 0,l,...,r. (B.16) 

A significant consequence of the existence of a grading operator is that Tr(^j Qk) = if 
j + k ^ 0, and that the subspaces Qj and are non-degenerately paired for all j G Z. 

An important class of representations of the Kac-Moody algebras are the so called in- 
tegrable highest weight representations |^]. They are defined in terms of a highest weight 
state I As) labelled by a gradation s of ^ ( B.ll ). Such state is annihilated by the positive 
grade generators 

G+ I As) = (B.17) 

^The positive integer numbers Qi = mf and a/ — if where i — 0,1, . . . ,r, are the Kac-labels and 

the dual Kac-labels of G, respectively [M, and = a/ i^'^ /ctf 
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and it is an eigenstate of all generators of the subalgebra Qq 



hi 


As) 


= Si 1 


As) 


fi 


As) 


= 0; 


for any i such that Si = Q 




As) 


= 


As) 


c 


As) 


Y 


(iyts^ iAs) 



where /f given by 



a=l 



at 



7t/) 

'0 



(B.18) 
(B.19) 
(B.20) 

(B.21) 



(B.22) 



It is always possible to modify the definition of the grading operator Qs by adding a com- 
ponent in C in such a way that the eigenvalue rjs vanishes. 

The integers mf and /f , given in (|B.13| ) and (|B.22|) , constitute respectively the left and 
right null vectors of the extended Cartan matrix of Q 



1=0 



j=0 



(B.23) 



notice that [hi, ej] = KjiCj for all i, j = 0, 1, . . . , r. 
The highest weight states | As) can be realized as 



As) 



Xi)^'' 



(B.24) 



i=0 



where | Aj ) are the highest weight states of the fundamental representations of Q, and Aj are 



the corresponding fundamental weights of Q. Namely |41 



Ao = (0,V'V2,0) 
A„ = (A,,/^V^V2,0) 



(B.25) 
[B.26) 



where A^, a = 1, 2, ... r are the fundamental weights of the finite Lie algebra Q associated to 
Q, If is defined in ( p.22|) , and the entries are the eigenvalues of C and D respectively, 
i.e.. 



Ha I Ao ) 

Hi \ \a) 







C I Ao) 



^2 



Ao) 



and 



^a,b I Aa ) ; C \ \a) 

D I A, ) = 



It |Aa) 



(B.27) 
(B.28) 

(B.29) 
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Notice that in each of the r + 1 fundamental representations of Q, the (unique) highest 
weight state satisfies 



hj 


1 Ai) 


— ^ij Aj ) 




1 Ai) 


= ; for any j 


fj 


1 Ai) 


= ; for j 7^ z 




1 Ai) 


= 0. 



(B.30) 
(B.31) 
(B.32) 

(B.33) 

Therefore the generators and fi are nilpotent when acting on (p.24| ), and these represen- 
tations are actually integrable. 

C Appendix: A particular basis of Qq 

Let us consider the integer gradation associated to a vector (sq, Si, . . . , Sr) defined by 
the grading operator 

Q^ = + N^D - ^Tr{Hl)C, (C.l) 

where 

H^ = j2saK-H\ (C.2) 

a=l 

according to eg. ( p.l2|) . Hs is an element of the Cartan subalgebra of the finite Lie algebra 
Q (that one with zero grade w.r.t. D), and it defines a finite integer gradation of Q 

+L 

G= e?,-, [H,,v]=jv for all v^Q^. (C.3) 

j=-L 

Notice that the step operator corresponding to the maximal root has to be an element of 
maximal grade, i.e., G Ql] but the grade of can be obtained using eq.( p.l5|) , which, 
taking into account ( p.l3|) too, implies that 



L = Y.^amt = N,- So. (C.4) 



a=l 



Therefore, in addition to C and D, the zero graded subspace of Q will contain when 
So 7^ 0, or © Q]^^ © G-Ns "^hen sq = 0; notice that we have introduced the notation 

or = {^^^0 1 u eGk}. 

In the case where sq = 0, the commutator of two elements of Qo may produce terms in 
the direction of the central term C. Therefore, in order to establish the relation between the 
Conformal Affine (G-CAT) and the Afiine (G-AT) Toda models, it is convenient to choose 
a basis of the subspace Qq in which the affine components Qq and are orthogonal to 

the other components of Qq; this only requires to change the basis of the subalgebra of Qq 
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generated by C, D, and the Cartan subalgebra of Qq. Taking into account the eqs.( |B.7| )-( |B.9| ) 
a convenient choice is {C, Qs, -f^i , • • • , H^}i where 



which satisfies 



Tr (C) = Tr (c H^) = Tr (qI) = Tr (q, = 0, (C.6) 
Tr (Q, C) = iV„ Tr H^) = Tr = r^,,, (C.7) 

for all a, 6 = 1 . . . , r. 

Now, let Qq be the subspace of Qo generated by {H^, . . . , H^} and by either {E^ \ Ea G 
^o}, if So 7^ 0, or {E^,E^l \ E^ G Qo, E^p G Q±n,}, if so = 0. Then, is a subalgebra 
of ^0, and it is isomorphic either to ^q, when sq ^ 0, or to © G^n^ ® ^+Afs' 

if So = 0. 

Moreover, by construction, commutes with Qs and C; therefore, any element u E Qo can 
be parameterized as 

u = u* + uC + riQ„ u*eg^, (C.8) 

where 

u=1-Tt{uQ.), rj = j^JriuC). (C.9) 

Correspondingly, any element of the group formed by exponentiating the elements of Qo can 
be expressed as 

B = Boexp{uC + riQ^), (C.IO) 

where Bq is an element of the subgroup obtained by exponentiating the subalgebra Qq. It 
is worth noticing that trace form Tr, restricted to Qq, is also non-degenerate. Finally, let us 
point out that, when sq ^ 0, Bq is the field of the non-abelian affine Toda model associated 
to the affine Lie algebra Q and to the gradation induced by Qs- However, when so = 0, we 
have models of non-abelian affine type which, as far as we know, were not considered in the 
literature before. 

In order to substitute eq.( |U.lCI| ) in eq. the following expressions will be useful: 



Tr [d^,B d^B-^) = Tr (df,Bo d^B^^) - 2 d^u d^r], (C.ll) 
^^Jk ^B-'d^B B-'d,B B-'dkB) = t'^^ Tr [b^^B^B^ B^'d.Bo B^^duB^) , (C.12) 
Tr (A; B-^ A.i B)=e'^ Tr (A^ B,' A_z Bq) . (C.13) 
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